Abstract-The use of unmanned aerial vehicle base stations (UAV-BSs) as airborne base stations has recently gained great attention. In this paper, we model a network of UAV-BSs as a Poisson point process (PPP) operating at a certain altitude above the ground users. We adopt an air-to-ground (A2G) channel model that incorporates line-of-sight (LoS) and non-line-of-sight (NLoS) propagation. Thus, UAV-BSs can be decomposed into two independent inhomogeneous PPPs. Under the assumption that NLoS and LoS channels experience Rayleigh and Nakagami-m fading, respectively, we derive approximations for the coverage probability and average achievable rate, and show that these approximations match the simulations with negligible errors. Numerical simulations have shown that the coverage probability and average achievable rate decrease as the height of the UAV-BSs increases.
I. INTRODUCTION Flexible and easy-to-deploy solutions to provide wireless connectivity are of vital importance in current and future wireless systems. Therefore, the use of unmanned aerial vehicle base stations (UAV-BSs) to enhance coverage or boost capacity has recently attracted great attention [1] , [2] . UAV-BSs can assist the terrestrial wireless network in a variety of scenarios. For example, UAV-BSs can be quickly deployed during the aftermath of a natural disaster or to offload traffic from a congested terrestrial BS during a sports event [3] [4] [5] . Recently, there have been several works on UAV-BS deployment, e.g., [6] [7] [8] [9] . The authors in [6] proposed a framework for evaluating the 3D location of the UAV-BS that maximizes the number of covered users using minimum transmit power while the work in [7] investigated the 3D placement problem for different QoS requirements. In [8] , the authors developed a grid search algorithm to address a backhaul-aware 3D UAV-BS placement problem. A framework for 3D UAV-BSs deployment based on circle packing was proposed in [9] . Moreover, the authors in [9] derived the coverage probability as a function of altitude and antenna gain. However, the work in [6] [7] [8] [9] aimed at finding the exact 3D location which may be unnecessary and difficult to obtain. Stochastic geometry has been widely used to model and analyze terrestrial wireless networks. However, a handful of works adopted such approach for UAV-assisted networks. An exact analytical expression for the coverage probability of uniformly distributed UAV-BSs was derived in [10] . This work adopted a terrestrial channel model for the A2G channels and assumed that all wireless links are subject to Nakagami-m fading. The work in [11] modeled the UAV-BSs as a 2D Binomial point process (BPP) in a disc located at a fixed altitude. The authors assumed that all the UAV-BSs are in LoS condition with the users and hence Nakagami-m fading was assumed for all wireless links. Additionally, the thermal noise was assumed negligible in comparison to interference (interference-limited scenario). The exact coverage probability, and accurate coverage probability approximation for Nakagamm and fading-free channels were also derived. The authors in [12] investigated spectrum sharing between UAV-BSs and a terrestrial cellular network using tools from stochastic geometry. The UAV-BSs were modeled as a 3D PPP with a minimum height while the terrestrial cellular network was assumed to form a 2D PPP. Additionally in [12] , it was assumed that all the UAV-BSs undergo Rayleigh fading which is justified for NLoS transmissions. A network comprised of a single terrestrial BS and a single UAV-BS was investigated in [13] . The authors derived analytical expressions for the uplink coverage probability of a terrestrial BS and a UAV-BS.
Contributions: We adopt an A2G channel model that captures both LoS and NLoS transmissions. Although Rayleigh fading assumption is common for NLoS channels, it may not be for LoS channels. Therefore, we adopt the Nakagami-m distribution for LoS channels. We derive the distribution of the distances from the typical user to the closest NLoS and LoS UAV-BSs. After that, we derive a closed-form expression for the Laplace transform of the aggregated interference power as a function of the altitude and density of UAV-BSs. Unlike the works [10] , [11] in which the evaluation of the coverage probability involves finding m numerical derivatives of the Laplace transform of the interference, we derive tractable approximations for the coverage probability and average achievable data rate using bounds on incomplete Gamma function. We show that the approximate coverage probability and average achievable data rate match the simulations very closely.
II. SYSTEM MODEL
We consider a network of UAV-BSs and focus on the analysis of the downlink performance. The UAV-BSs are assumed to be uniformly distributed on an infinite plane located at some altitude h [m] as depicted in Fig. 1 
A. Channel Model
The links between the UAV-BSs and the ground users are mainly LoS or NLoS [14] . For a given altitude h, the occurrence of LoS and NLoS transmissions can be captured using the probability of LoS transmission, denoted by P L (z), and the probability of NLoS transmission, denoted by P N (z), where [14] 
where a and b are constants that depend on the environment, and z denotes the Euclidean horizontal distance between the typical user and the projection of the UAV-BS location on the horizontal plane. Furthermore, the probability of NLoS is
In our model, we assume that each UAV-BS is either in a LoS or NLoS condition with the typical user and that LoS and NLoS transmissions are independent from each other. This implies that the set of UAV-BSs Φ can be decomposed into two independent inhomogeneous PPPs, i.e., Φ = Φ L ∪ Φ N , where Φ L and Φ N denote the set of LoS and NLoS UAV-BSs, respectively. Note that the resultant PPPs (Φ L and Φ N ) are inhomogeneous because P L (z) and P N (z) are functions of z. Clearly, for a given altitude h, a UAV-BS with a large horizontal distance z is more likely to be in a NLoS condition with the typical user.
We assume that NLoS and LoS transmissions are characterized by different small scale fading. In particular, we assume that the fading loss, denoted by H xi , between a NLoS UAV-BS located at point x i and the typical user is exponentially distributed (Rayleigh fading), i.e., H xi ∼ exp(1), ∀x i ∈ Φ N . For LoS transmissions, we choose the well known Nakagamim distribution with the shape parameter m which can capture a wide range of fading scenarios. As a result, the channel fading power gain for LoS links, denoted by G xi , follows Gamma distribution with probability density function given by [15] 
where Γ(m) is the Gamma function given by
Let η N and η L denote the mean additional losses for NLoS and LoS transmissions, respectively [14] . The received power at the typical user from a UAV-BS located at point x i is given by
are the distances between a UAV-BS located at point x i and the typical user for NLoS and LoS transmissions, respectively. Finally, α N and α L are the path loss exponents for NLoS and LoS transmissions, respectively. The notation and symbols used in this paper are summarized in Table I .
B. SINR and UAV-BS Association
The signal-to-interference-plus-noise ratio (SINR) at the typical user when it is associated with a UAV-BS located at
where R N and R L are the distances between the serving UAV-BS and the typical user for NLoS and LoS transmissions, respectively, and σ 2 is the additive white Gaussian noise (AWGN) power. Finally, I is the aggregate interference power defined as
For the association criteria, we assume that the typical user is associated with the UAV-BS that provides the strongest average SINR. The closest UAV-BS does not necessarily provide the strongest SINR due to the differences in path loss parameters between LoS and NLoS transmissions. In particular, a LoS UAV-BS may provide a stronger average SINR than that provided by a closer NLoS UAV-BS due to the fact that η L > η N and α L < α N . Moreover, an interfering UAV-BS may provide a higher instantaneous SINR for the typical user than that provided by the serving UAV-BS because of a higher small scale fading in comparison to that experienced by the serving UAV-BS.
Based on the strongest average SINR association scheme and the assumption that E[H xi ] = E[G xi ] = 1, ∀x i ∈ Φ, the serving UAV-BS can be written as
where
III. RELEVANT DISTANCE DISTRIBUTIONS AND ASSOCIATION PROBABILITIES
In this section, we provide the distribution of the distances between the typical user and the closest UAV-BS for NLoS and LoS transmissions. Furthermore, we characterize the location of the closest interfering NLoS and LoS UAV-BSs given that the typical user is associated with a NLoS or a LoS UAV-BS. Finally, we derive expressions for the association probabilities.
Lemma 1. The probability density function of the distances between the typical user and the closest NLoS and LoS UAVBSs, denoted by
where 
Proof. For Z N , we have
where (a) is due to Z N = √ R 2 N − h 2 , and (b) follows from (22). Finally, we complete the proof by taking the derivative of F Z N (z) with respect to z. Following the same steps, we arrive at the final result for f Z L (z).
The following remarks give clear insight on the range over which the interfering UAV-BSs are located which will be useful when we present the main results of this paper.
Remark 1. Given that the typical user is associated with a NLoS UAV-BS located at a distance r from the typical user, the closest interfering LoS UAV-BS is at least at a distance
d L = ( η L η N ) 1 α L r α N α L .(11)
Remark 2. Given that the typical user is associated with a LoS UAV-BS located at a distance r from the typical user, the closest interfering NLoS UAV-BS is at least at a distance
As per the association rule in section II-B, the typical user is associated with a single UAV-BS which could be a LoS or a NLoS UAV-BS. The following lemma gives the probabilities that the typical user is either associated with a LoS UAV-BS or a NLoS UAV-BS.
Lemma 2. The probability that the typical user is associated with a LoS UAV-BS is given by
The probability that the typical user is associated with a NLoS UAV-BS is
Proof. See Appendix B.
IV. COVERAGE PROBABILITY
The coverage probability is generally defined as the probability that the SINR is greater than a designated threshold T :
We begin this section by deriving the Laplace transform of the interference, which is given in Lemma 3.
Lemma 3. The Laplace transform of the aggregated interference power conditioned on the serving UAV-BS being at a distance r from the typical user is given by
with
Proof. See Appendix C.
Now that we have developed expressions for association probabilities and the Laplace transform of the interference, we present the main theorem on the coverage probability.
Theorem 1. The probability of coverage P C is given by
P C = P C,L A L + P C,N A N ,(16)
where P C,L and P C,N are the conditional coverage probabilities given that the typical user is associated with a LoS UAV-BS or a NLoS UAV-BS, respectively, and are given by
and
V. AVERAGE ACHIEVABLE RATE
The average achievable rate of the typical user is given by τ = E[ln(1 + SINR)] (nats/Hz), where 1 bit = ln(2) = 0.693 nats [16] . The following theorem presents the main rate theorem.
Theorem 2. The average downlink rate of a typical user is given by
where τ L and τ N are the average achievable rates given that the typical user is associated with a LoS or a NLoS UAV-BS, respectively, and are given by
VI. NUMERICAL RESULTS
In this section, we provide simulations to evaluate our main analytical results. In particular, we use MATLAB to simulate Theorem 1 and Theorem 2. We consider dense urban area with parameters a = 12.08, b = 0.11, η L = 0.69 and η N = 0.005 [6] , [14] . We also consider UAV-BSs that transmit their signals at f c = 2 GHz and P t = 30 dBm while the noise power is assumed −174 dBm/Hz. The NLoS and LoS path loss exponents are α N = 3.5 and α L = 2. The shape parameter of the Nakagami-m fading is m = 3 and the system bandwidth is 10 MHz. The impact of the UAV-BSs altitude on the coverage probability of a typical user is studied in Fig. 2 . It can be seen from Fig. 2 that as the UAV-BSs altitude increases, the coverage probability decreases due to the increase in path loss. It can also be observed from Fig. 2 that the analytical results in Theorem 1 match the simulations with negligible errors.
The impact of the UAV-BSs altitude and their densities on the data rate achieved by a typical user are studied in Fig. 3 , where we plot the average rate versus UAV-BSs altitude for the UAV-BSs densities λ = 3, 5, 7 and 9 BSs/km 2 . The results in Fig. 3 show that for a given density, the average achievable rate degrades as the UAV-BSs altitude increases due to the increase in the path loss. Furthermore, for a given UAV-BS altitude, the average achievable rate decreases as the UAVBSs density increases. This is because the interfering UAV-BSs become closer to the typical user as the density increases which degrades the SINR at the typical user.
VII. CONCLUSION
In this paper, we proposed a stochastic geometry framework to analyze coverage and rate in a network of UAV-BSs deployed at a particular height. The framework accommodates both LoS and NLoS transmissions, and considers Rayleigh fading and Nakagami-m fading for NLoS and LoS links, respectively. We derived analytical expressions for the conditional Laplace transform of the interference power, the association probabilities, and the distribution of the distances between the typical user and the closest NLoS and LoS UAV-BSs. Approximate expressions for the coverage probability and average achievable rate were also derived. Interestingly, we showed that these approximations match the simulations with negligible errors. APPENDIX A PROOF OF LEMMA 1
Given that R N is a random variable, the corresponding horizontal Euclidean distance, denoted by Z N , is also a random variable given by
where (a) follows from the null probability of the PPP [16] .
which completes the proof of f R N (r). By following the same steps as for f R N (r), we can complete the proof of f R L (r).
APPENDIX B PROOF OF LEMMA 2
Since the UAV-BS that provides the strongest average SINR also provides the strongest average received power [17] , the probability that the typical user is associated with a LoS UAV-BS is then given by
where (a) is due to 
where (a) follows from (4), the i.i.d distribution and the independence of the spatial point process and small scale fading. Now given that the typical user is associated with a NLoS UAV-BS (i.e., x o ∈ Φ N ) located at a distance R N = r, and from Remark (1) and the probability generating functional (PGFL) of the PPP, we obtain the final result in (15) for the case x o ∈ Φ N . Similarly, the conditional Laplace transform of the aggregated interference power when the typical user is associated with a LoS UAV-BS can be obtained from remark (2) and the PGFL of the PPP.
APPENDIX D PROOF OF THEOREM 1
Given that the typical user is associated with a LoS UAV-BS, the conditional coverage probability P C,L is given by
where (a) follows from conditioning on the serving LoS UAV-BS being at a distance R L = r from the typical user, (b) follows from the definition F G (g) = P(G ≤ g) and taking the conditional expectation with respect to interference, and (c) follows from the definition of the CDF of Gamma distribution
where Γ l (m, mg) = ∫ mg 0 t m−1 e −t dt is the lower incomplete gamma function.
The evaluation of the CDF of Gamma distribution requires evaluating higher order derivatives of the Laplace transform. The larger the shape parameter m is, the higher the evaluation complexity is. Therefore, in the following, we provide an approximate evaluation of the coverage probability. In particular, we use a tight bound for the CDF of the Gamma distribution rather than using the exact evaluation. The CDF of Gamma distribution can be bounded as [18] (
where m ̸ = 1, and
(27) It has been shown in [19] that the upper bound in (26) provides a good approximation to the CDF of Gamma distribution. Therefore, we use the tighter upper bound. The conditional coverage probability can then be written as
L , (a) follows from the binomial theorem and the assumption that m is an integer, and (b) results from the linearity of the expectation. Finally,
is obtained from (15) where
which completes the proof of (17) . Similarly, P C,N can be derived by following the same approach as that of P C,L and by setting m = 1. Therefore, we omit the detailed proof of (18) .
APPENDIX E PROOF OF THEOREM 2
The average achievable rate is given by τ = E [ln (1 + SINR)] 
where (a) follows from the fact that for a positive random variable X, we have E[X] = ∫ y>0 P(X > y)dy [16] , and (b) follows from the law of total probability and linearity of integrals. Now, given that the typical user is associated with a LoS UAV-BS, the conditional average rate is given by
× fR L (r)drdy
fR L (r)drdy
L , (a) follows from (3), (b) follows from conditioning on R L = r and taking the conditional expectation with respect to interference, (c) is from the upper bound of Gamma distribution given in (26), (d) results from the binomial theorem and the assumption that m is an integer, (e) follows from the linearity of integrals and expectation, and the last step results from swapping the integration orders. Finally, plugging (15) into (f) when s = kρ L r α L (e y − 1) completes the proof of (20). The average achievable rate given that the typical user is associated with a NLoS UAV-BS (τ N ) can be derived by following the same approach as that of τ L and by setting m = 1. Therefore, we omit the detailed proof of (21).
